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Abstract
We introduce two conjectures concerning the structure of dense near polygons with three points
on each line. The first conjecture deals with the whole class of such near polygons. The second
conjecture deals with only those near polygons which have a nice chain of subgeometries. Although
the second conjecture is implied by the first one, we introduce it because this conjecture is more
likely to be proved in the near future. We prove some results which are special cases of the second
conjecture and say what case is still open. © 2003 Elsevier Ltd. All rights reserved.
1. Introduction
1.1. Basic definitions and motivation
A near polygon is a partial linear space S = (P,L, I), I ⊆ P × L, with the
property that for every point p ∈ P and for every line L ∈ L there exists a
unique point on L nearest to p. Here distances d(·, ·) are measured in the collinearity
graph. If n is the maximal distance between two points, then S is called a near
2n-gon. We denote n also by diam(S) and call it the diameter of S. A near 0-gon consists of
one point, a near 2-gon is a line, and the class of near quadrangles coincides with the class
of generalized quadrangles (GQ’s) which were introduced by Tits in [12]. Near polygons
themselves were introduced by Shult and Yanushka in [11] because of their relationship
with certain line systems in Euclidean spaces. Generalized 2n-gons [13] and dual polar
spaces (see Section 1.2) form two important classes of near polygons. A set X of points
in a near polygon S = (P,L, I) is called a subspace if every line meeting X in at least
two points is completely contained in X . A subspace X is called geodetically closed if
every point on a shortest path between two points of X is also contained in X . Having
a subspace X , we can define a subgeometry SX of S by considering only those points
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and lines of S which are completely contained in X . If X is geodetically closed, then SX
clearly is a sub near polygon of S. A geodetically closed sub near polygon SX (X = P) is
called big if every point outside SX is collinear with a unique point of SX . If a geodetically
closed sub near polygon SX is a nondegenerate generalized quadrangle, then X (and often
also SX ) will be called a quad. Sufficient conditions for the existence of quads were given
in [11]. Every set X of points is contained in a unique minimal geodetically closed sub
near polygon C(X), namely the intersection of all geodetically closed sub near polygons
through X . We call C(X) the geodetic closure of X . If X1, . . . , Xk are sets of points,
then C(X1 ∪ · · · ∪ Xk) is also denoted by C(X1, . . . , Xk). If one of the arguments of
C is a singleton {x}, we will often omit the braces and write C(. . . , x, . . .) instead of
C(. . . , {x}, . . .).
A near polygon is said to have order (s, t) if every line is incident with exactly s + 1
points and if every point is incident with exactly t + 1 lines. A near polygon is called
dense if every line is incident with at least three points and if every two points at distance 2
have at least two common neighbours. Dense near polygons satisfy several nice properties.
We will mention some properties which we will use in what follows. We refer to [3] for
proofs and further reading.
• Every point of a dense near polygon S is incident with the same number of lines;
we denote this number by tS + 1.
• If x and y are two points of a dense near polygon, then C(x, y) is the unique
geodetically closed sub near 2d(x, y)-gon through x and y. Geodetically closed sub
near hexagons of a dense near polygon are called hexes.
• The following statements are equivalent for every geodetically closed sub near
polygon F of a dense near polygon S and for every point x ∈ F : (i) F = S, (ii)
diam(F) = diam(S), (iii) all lines of S through x are contained in F .
• If F is a geodetically closed sub near 2m-gon of a dense near 2n-gon S, then there
exists a chain F = Fm ⊂ Fm+1 ⊂ · · · ⊂ Fn = S of geodetically closed sub near
polygons of S such that diam(Fi ) = i for every i ∈ {m, m + 1, . . . , n}.
In this paper, we introduce two conjectures concerning the structure of dense near
polygons with three points on each line. The first conjecture deals with the whole class
of such near polygons, but might be hard to prove. Restricting to those near polygons
which have a nice chain of subgeometries we obtain a second and weaker conjecture which
seems easier to prove. We indeed prove some results which are special cases of this second
conjecture and mention the case that is still open. Important progress has been made for the
remaining and most difficult case and we hope to present the whole proof in a future paper.
The assumption about the existence of the above-mentioned chain is not too restrictive
since many known dense near polygons with three points on each line satisfy this property
(see Sections 4 and 5). The proof of the second conjecture might also be a first step towards
a proof of the first conjecture.
1.2. Classical near polygons
If (x, Q) is a point-quad pair of a near polygonS, then one of the following possibilities
occurs, see Proposition 2.6 of [11].
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(i) There exists a unique point x ′ in Q nearest to x and d(x, y) = d(x, x ′) + d(x ′, y)
for every point y ∈ Q. In this case the pair (x, Q) is called classical.
(ii) The points in Q nearest to x form an ovoid of Q, i.e. a set of points of Q intersecting
each line in exactly one point. In this case the pair (x, Q) is called ovoidal.
(iii) Q is thin and can be regarded as a complete bipartite graph. The set of points in Q
nearest to x is a proper subset of size at least two of one of the two ovoids of Q.
In this case the pair (x, Q) is called thin-ovoidal.
A near 2n-gon, n ≥ 2, is called classical if every two points at distance 2 are contained
in a unique quad and if every point–quad pair is classical. Cameron [4] proved that the class
of classical near polygons coincides with the class of dual polar spaces. For every polar
space P of rank at least 2 a dual polar space P D can be defined. The points, respectively
lines, of P D are the maximal, respectively next-to-maximal, totally isotropic subspaces of
P with reverse containment as incidence relation.
1.3. Big geodetically closed sub near polygons
Let S be a dense near polygon and let F = S be a geodetically closed sub near polygon
of S. Let vS and vF , respectively, denote the number of points in S and F . Recall that F is
big in S if every point x outside F is collinear with a unique point πF (x) of F . If x ∈ F ,
then we define πF (x) := x . The map πF is called the projection on F . We will now list
some (easy) properties of big geodetically closed sub near polygons. We refer to [2] for
proofs.
(a) If F is big in S, then d(x, y) = d(x, πF (x)) + d(πF (x), y) for every point x of S
and every point y of F .
(b) F is big in S if and only if every quad meeting F either is contained in F or intersects
F in a line.
(c) If F is big in S, then every geodetically closed sub near polygon F ′ which meets F
either is contained in F or intersects F in a big geodetically closed sub near polygon
of F ′.
(d) Suppose that every line of S is incident with s + 1 points. Then F is big in S if and
only if vS = [1 + s(tS − tF )] · vF . Hence, if F is big, then every geodetically closed
sub near polygon F ′ isomorphic to F is also big in S.
2. Deriving near polygons from other ones
In this section we will give two constructions which will allow us to construct new near
polygons from a given set of near polygons.
2.1. The direct product of near polygons
Let S1 = (P1,L1, I1) and S2 = (P2,L2, I2) be two near polygons. A new near polygon
S = (P,L, I) can be derived from S1 and S2. It is called the direct product of S1 and S2
and is denoted by S1 × S2. We have P = P1 ×P2, L = (P1 ×L2) ∪ (L1 ×P2), the point
(x, y) of S1 × S2 is incident with the line (z, L) ∈ P1 ×L2 if and only if x = z and yI2 L,
the point (x, y) of S1 × S2 is incident with the line (M, u) ∈ L1 ×P2 if and only if xI1M
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and y = u. If Si , i ∈ {1, 2}, is a near 2di -gon then the direct product S = S1 ×S2 is a near
2(d1 + d2)-gon. If S1 and S2 are dense, then also S1 ×S2 is dense and tS = tS1 + tS2 + 1.
Since S1 × S2 ∼= S2 × S1 and (S1 × S2) × S3 ∼= S1 × (S2 × S3), also the direct product
of k ≥ 1 near polygons S1, . . . ,Sk is well defined.
The following lemmas provide methods for recognizing direct products.
Lemma 1 (Lemma 4.5 of [2]). Let F be a big geodetically closed sub near 2(n − 1)-gon
of a dense near 2n-gon S, n ≥ 2, then the following are equivalent:
(a) S ∼= F × L for some line L;
(b) tS = tF + 1;
(c) every quad intersecting F in a line is a grid.
Lemma 2 (Section 2.1.1). Let S be a dense near polygon and let A and B be two sets of
geodetically closed sub near polygons of S for which the following holds:
• every point x of S is contained in a unique element Ax of A and a unique element
Bx of B;
• Ax ∩ Bx = {x} for every point x of S;
• every line L through a point x is contained in either Ax or Bx .
Then
(a) all elements of A are isomorphic;
(b) all elements of B are isomorphic;
(c) S ∼= A × B for any A ∈ A and any B ∈ B.
Lemma 3 (Section 2.1.2). Let S be a dense near 2(n1 + n2)-gon and let F1 and F2 be
two geodetically closed sub near polygons for which the following holds:
• diam(Fi ) = ni ≥ 1(i ∈ {1, 2});
• F1 intersects F2 in a point x ;
• every line through x is contained in either F1 or F2.
Then S ∼= F1 × F2.
2.1.1. The proof of Lemma 2
Step 1. If x and y are two points of S, then |Ax ∩ By| = 1.
Proof. Let y ′ denote a point of Ax at minimal distance from y. Since y ′ ∈ Ax , Ay′ = Ax .
If L is a line of Ay′ ∩ C(y, y ′) through y ′, then the unique point on L nearest to y belongs
to Ax and has distance d(y, y ′) − 1 from y, a contradiction. Hence every line of C(y, y ′)
through y ′ is contained in By′ . This implies that C(y, y ′) ⊆ By′ . Hence y ∈ By′ , By = By′
and Ax ∩ By = Ay′ ∩ By′ = {y ′}. 
Step 2. If x and y are two collinear points such that xy ⊆ Bx , then Ax ∩ Bz and Ay ∩ Bz
are collinear for every point z of S.
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Proof. We will first prove (by induction) that the result holds for every point z of Ax .
Clearly the result holds if z = x . Suppose therefore that d(x, z) ≥ 1 and let z′ denote
a point collinear with z at distance d(x, z) − 1 from x . If u′ denotes the unique point in
Ay ∩ Bz′ , then z′ and u′ are collinear by the induction hypothesis. The quad C(z, z′, u′) is
a grid; hence z and u′ have a unique common neigbour u different from z′. Since the line
zu is not contained in Ax = Az , it is contained in Bz . Since the line u′u is not contained
in Bz′ = Bu′ , it is contained in Au′ = Ay . Hence Ay ∩ Bz = {u}. Since Ax ∩ Bz = {z},
Ax ∩ Bz and Ay ∩ Bz are collinear. We will now prove that the result holds for every point
z of S. By Step 1, Bz intersects Ax at a point z′. Since Bz′ = Bz , Ax ∩ Bz = Ax ∩ Bz′ and
Ay ∩ Bz = Ay ∩ Bz′ are collinear. 
Step 3. All elements of A are isomorphic. All elements of B are isomorphic.
Proof. Take two elements Ax1 and Ax2 in A. For every point y of Ax1 , let θ(y) be the
unique point in Ax2 ∩ By . Clearly, θ is a bijection between the point sets of Ax1 and Ax2 .
By Step 2, the collinearity graphs of Ax1 and Ax2 are isomorphic. Hence also Ax1 and Ax2
are isomorphic. (Notice that there is a bijective correspondence between the lines of a near
polygon and the maximal cliques in its collinearity graph.) In a similar way one proves that
all elements of B are isomorphic. 
Step 4. S ∼= A × B for any A ∈ A and any B ∈ B.
Proof. For every point x in S, put θ(x) := (Bx ∩ A, Ax ∩ B). Clearly, θ is a bijection
between the point sets of S and A × B . If x and y are collinear points such that xy ⊆ Bx ,
then Bx ∩ A = By ∩ A and d(Ax ∩ B, Ay ∩ B) = 1. If x and y are collinear points such
that xy ⊆ Ax , then Ax ∩ B = Ay ∩ B and d(Bx ∩ A, By ∩ A) = 1. One now easily sees
that the collinearity graphs of S and A × B are isomorphic. Hence also S and A × B are
isomorphic. 
2.1.2. Proof of Lemma 3
Step 1. If L is a line of F2 through x , then C(F1, L) ∼= F1 × L.
Proof. Let Ai , i ∈ {n1, . . . , n1 + n2}, be geodetically closed sub near polygons through x
satisfying: (i) diam(Ai ) = i , (ii) An1 = F1, (iii) An1+1 = C(F1, L) and (iv) Ai ⊂ Ai+1
for every i ∈ {n1, . . . , n1 + n2 − 1}. Let Bi := Ai ∩ F2, i ∈ {n1, . . . , n1 + n2}.
Since Ai = Ai+1, the set of lines of Ai through x is different from the set of lines of
Ai+1 through x . Since every line through x is contained in F1 ∪ F2 and since F1 ⊆ Ai
and F1 ⊆ Ai+1, Bi and Bi+1 are different. It follows that Bi , i ∈ {n1, . . . , n1 + n2},
are geodetically closed sub near polygons of F2 through x such that (i) Bn1 = {x}, (ii)
Bi = Bi+1 for every i ∈ {n1, . . . , n1+n2−1}, and Bn1+n2 = F2. Hence diam(Bi ) = i −n1
for every i ∈ {n1, . . . , n1 + n2}. In particular Bn1+1 = C(F1, L) ∩ F2 is a line. From
Remark (b) of Section 1.3 and Lemma 1, it then follows that C(F1, L) ∼= F1 × L. 
For every point y of Fi , i ∈ {1, 2}, let F3−i (y) denote the geodetically closed sub near
polygon generated by all tF3−i +1 lines through y not contained in Fi . Clearly F1(x) = F1
and F2(x) = F2.
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Step 2. For every point y of S, there exists a point y1 ∈ F1 and a point y2 ∈ F2 such that
y ∈ F2(y1) ∩ F1(y2).
Proof. Let yi , i ∈ {1, 2}, denote a point of Fi nearest to y. If C(y, y1) ∩ F1 contains
a line through y1, then this line would contain a point at distance d(y, y1) − 1 from y,
a contradiction. Hence C(y, y1) ⊆ F2(y1) and y ∈ F2(y1). Similarly, one proves that
y ∈ F1(y2). 
Step 3. For every point y of F1, diam(F2(y)) = n2 and F2(y) ∩ F1 = {y}. Similarly, for
every point y of F2, diam(F1(y)) = n1 and F1(y) ∩ F2 = {y}.
Proof. Suppose that y1 and y2 are collinear points in F1 such that F2(y1)∩ F1 = {y1} and
diam(F2(y1))=n2. By Step 1 applied to y1 instead of x , C(y1y2, F2(y1)) ∼= y1y2 × F2(y1)
and hence diam(F2(y2)) = n2 and F2(y2) ∩ F1 = {y2}. Since diam(F2(x)) = n2 and
F2(x) ∩ F1 = {x}, the result follows by connectedness of F1. 
Step 4. For all points y ∈ F1 and z ∈ F2, F2(y) intersects F1(z) in a unique point.
Proof. By Step 3, we may suppose that y = x = z. If y1 and y2 are collinear points of F1
such that |F2(y1)∩F1(z)| = 1, then by Step 1 applied to y1 instead of x , C(y1y2, F2(y1)) ∼=
y1y2 × F2(y1). As a consequence |F2(y2) ∩ F1(z)| = 1. Since |F2(x) ∩ F1(z)| = 1, the
result again follows by connectedness of F1. 
Step 5. If y1 and y2 are different elements of F1, then F2(y1) is disjoint from F2(y2).
Similarly, if y1 and y2 are different elements of F2, then F1(y1) and F1(y2) are disjoint.
Proof. Let y1 and y2 be two different elements of F1 and suppose that z is a common
point of F2(y1) and F2(y2). Let z′ be an element of F2 such that z ∈ F1(z′). Since
F1(z′) ∩ F2(y1) = {z}, the lines of F2(y1) through z are precisely those lines through z
which are not contained in F1(z′). Since this property also holds for F2(y2), we necessarily
have F2(y1) = F2(y2). As a consequence {y1} = F1 ∩ F2(y1) = F1 ∩ F2(y2) = {y2},
contradicting y1 = y2. Hence F2(y1) and F2(y2) are disjoint. 
Step 6. S ∼= F1 × F2.
Proof. Since S is dense, every point of S is incident with (tF1 + 1) + (tF2 + 1) lines.
If u is a point of S, then by Steps 2 and 4, there exist points y ∈ F1 and z ∈ F2 such
that F2(y) ∩ F1(z) = {u}. Since tF1 = tF1(z) and tF2 = tF2(y), every line through u
either is contained in F1(z) or F2(y). All conditions of Lemma 2 are now satisfied; hence
S ∼= F1 × F2. 
2.2. The glueing of near polygons
The construction which we will present in this section was first described in [5] for the
case of GQ’s and in [6] for the general case. We first give some relevant definitions.
Definitions
(a) For two lines K and L of a near polygon, let d(K , L) denote the minimal distance
between a point of K and a point of L. By Lemma 1 of [3], there are two possibilities.
Either there exist unique points k ∈ K and l ∈ L such that d(K , L) = d(k, l), or for
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every point k ∈ K , there exists a unique point l ∈ L such that d(K , L) = d(k, l). In
the latter case K and L are called parallel.
(b) A spread of a near polygon is a set of lines partitioning the point set. A spread is
called admissible if every two lines of it are parallel. A spread S is called a spread
of symmetry if for every line K of S and for every two points k1 and k2 on K there
exists an automorphism of S fixing each line of S and mapping k1 to k2.
LetA1 andA2 be two near polygons both with constant line size s +1, and suppose that
their respective diameters d1 and d2 are at least 2. Let Si = {L(i)1 , . . . , L(i)αi }, i ∈ {1, 2}, be
an admissible spread of Ai . In Si , a special line L(i)1 is chosen which we will call the base
line of the spread Si . For every i ∈ {1, 2}, for all j, k ∈ {1, . . . , αi } and for every x ∈ L(i)j ,
let p(i)j,k(x) denote the unique point L
(i)
k nearest to x . We put Φ
(i)
j,k := p(i)k,1 ◦ p(i)j,k ◦ p(i)1, j .
For every i ∈ {1, 2}, the group ΠSi (L(i)1 ) := 〈Φ(i)j,k | 1 ≤ j, k ≤ αi 〉 is called the group of
projectivities of L(i)1 with respect to Si .
For every bijection θ between L(1)1 and L(2)1 , we consider the following graph Γ with
vertex set L(1)1 × S1 × S2. Two vertices (x, L(1)i1 , L
(2)
j1 ) and (y, L
(1)
i2 , L
(2)
j2 ) are adjacent if
and only if exactly one of the following three conditions is satisfied:
(a) L(1)i1 = L
(1)
i2 , L
(2)
j1 = L
(2)
j2 and x = y,
(b) L(2)j1 = L
(2)
j2 , d(L
(1)
i1 , L
(1)
i2 ) = 1 and Φ
(1)
i1,i2(x) = y,
(c) L(1)i1 = L
(1)
i2 , d(L
(2)
j1 , L
(2)
j2 ) = 1 and Φ
(2)
j1, j2 ◦ θ(x) = θ(y).
By [6], the graph Γ has diameter d1 + d2 − 1 and every two adjacent vertices are
contained in a unique maximal clique. Considering these maximal cliques as lines, we
obtain a partial linear spaceA1 ⊗A2. IfA1 ⊗A2 is a near polygon, then it is called a glued
near polygon. IfA1 andA2 are dense, then every glued near polygon of the formA1 ⊗A2
is also dense. The following lemma gives necessary and sufficient conditions forA1 ⊗A2
to be a near polygon.
Lemma 4 (Theorem 14 of [6]). The partial linear space A1 ⊗ A2 is a glued near
polygon if and only if the commutator [ΠS1(L(1)1 ), θ−1ΠS2(L(2)1 )θ ] is the trivial group of
permutations of L(1)1 .
If A1 ∼= B1 × L and if S1 = {Lx | x is a point of B1} with Lx := {(x, y) | y ∈ L} (we
call such a spread a trivial spread of A1), then ΠS1(L(1)1 ) is the trivial group and A1 ⊗A2
is a near polygon. In fact we have A1 ⊗A2 ∼= B1 × A2. The following lemma shows the
importance of the notion “spread of symmetry”.
Lemma 5 (Theorems 11 and 16 of [6]). If each line of A1 and A2 is incident with three
points and if none of the spreads S1 and S2 is trivial, then A1 ⊗A2 is a near polygon (for
an arbitrary choice of the base lines and the bijection θ between these base lines) if and
only if S1 and S2 are spreads of symmetry.
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3. The known dense irreducible near polygons with three points on each line
A near polygon is called reducible if it is either of the form A1 × A2 or of the form
A1 ⊗ A2 for some near polygons A1 and A2 different from the near 0-gon O. A near
polygon which is not reducible is called irreducible.
Clearly, O and the line L3 of size 3 are irreducible. If Q is a generalized quadrangle
of order (2, t), then t ∈ {1, 2, 4}, see e.g. [10]. For every value of t , a unique example
exists. If t = 1 then Q is isomorphic to L3 × L3 and hence is reducible. If t = 2
then Q is isomorphic to W (2), the generalized quadrangle whose points and lines are
the totally isotropic points and lines of a symplectic polarity in PG(3, 2). If t = 4 then
Q is isomorphic to Q(5, 2), the GQ whose points and lines are the points and lines lying
on a nonsingular elliptic quadric in PG(5, 2). Both W (2) and Q(5, 2) are irreducible. In
the following, quads isomorphic to L3 × L3, W (2) or Q(5, 2) will be called grid-quads,
W (2)-quads or Q(5, 2)-quads.
The other known irreducible dense near polygons with three points on each line belong
to one of the following classes.
3.1. The classical near polygons QD(2n, 2) and H D(2n − 1, 4)
Let n ≥ 2 and let V be either the nonsingular quadric Q(2n, 2) in PG(2n, 2) or the
nonsingular hermitian variety H (2n − 1, 4) in PG(2n − 1, 4). Considering the maximal
and next-to-maximal subspaces on V we obtain a classical near 2n-gon S which we denote
by QD(2n, 2), respectively H D(2n − 1, 4). If π is a subspace of dimension n − 1 − i ,
i ∈ {0, . . . , n}, on V and if X is the set of maximal subspaces of V through π , then SX is a
geodetically closed sub near polygon of S. Conversely, every geodetically closed subspace
of S is obtained this way, see e.g. [4]. If i ≥ 2, then SX is isomorphic to either QD(2i, 2)
or H D(2i − 1, 4). If X is a point, i.e. i = n − 1, then SX is big in S. The near polygon
QD(2n, 2) has order (2, 2n − 2) and H D(2n − 1, 4) has order (2, (4n − 4)/3). By the
classification of polar spaces, we know that every irreducible classical near polygon with
diameter at least 2 and three points on every line is isomorphic to either QD(2n, 2) or
H D(2n − 1, 4) for some n ≥ 2.
3.2. The near polygonsGn
Again, let n ≥ 2 and consider the hermitian variety H (2n − 1, 4). We choose our
coordinate system such that H (2n − 1, 4) has equation X30 + X31 + · · · + X32n−1 = 0.
We define the weight of a point as the number of nonzero coordinates of that point. By [9]
the set of all maximal subspaces of H (2n−1, 4) which are generated by n points of weigth
2 is a subspace X of H D(2n − 1, 4) and [H D(2n − 1, 4)]X is a dense near polygon which
we denote by Gn . The near polygon Gn has order (2, 3n
2−n−2
2 ). Every line of Gn (n ≥ 3)
is contained in a big geodetically closed sub near polygon isomorphic to Gn−1. Also Gn is
irreducible for every n ≥ 2.
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3.3. The near polygonsHn
For a set V of order 2n + 2, n ≥ 2, we consider the following incidence structure:
Hn = (P,L, I):
• P is the set of all partitions of V in n + 1 sets of order 2;
• L is the set of all partitions of V in n − 1 sets of order 2 and one set of order 4;
• a point p ∈ P is incident with a line L ∈ L if and only if the partition determined by
p is a refinement of the partition determined by L.
It was noticed in [2] that Hn is a near 2n-gon. The near polygon Hn has order
(2, n(n+1)2 −1) and containsHn−1 as a big geodetically closed sub near polygon (if n ≥ 3).
It is irreducible for every n ≥ 2.
3.4. The near polygons In
Consider a nonsingular quadric Q(2n, 2), n ≥ 2, in PG(2n, 2) and a hyperplane Π
of PG(2n, 2) intersecting Q(2n, 2) in a nonsingular hyperbolic quadric Q+(2n − 1, 2).
Consider the incidence structure In = (P,L, I) whose points, respectively lines, are the
maximal, respectively next-to-maximal, subspaces of Q(2n, 2) which are not contained in
Q+(2n − 1, 2) (again with reverse containment as incidence relation). It was noticed in
[2] that In is a near 2n-gon. If π is a subspace of dimension n − 1 − i , i ∈ {0, . . . , n},
on Q(2n, 2) which is not contained in Q+(2n − 1, 2) if i ∈ {0, 1} and if X is the set
of maximal subspaces of Q(2n, 2) through π , then SX is a geodetically closed sub near
polygon of S. Conversely, every geodetically closed subspace of S is obtained this way.
If i ≥ 2 and if π is not contained in Π then SX is isomorphic to QD(2i, 2). If i ≥ 2
and if π ⊂ Π then SX is isomorphic to Ii . If X is a point outside Π , i.e. i = n − 1,
then SX is big. Since I2 ∼= L3 × L3 and QD(4, 2) ∼= W (2), every quad is isomorphic to
either L3 ×L3 or W (2). Every (n − 2)-dimensional subspace of Q(2n, 2) not contained in
Q+(2n −1, 2) contains a unique (n −3)-dimensional subspace which is entirely contained
in Q+(2n − 1, 2). Hence, every line of In is contained in a unique grid-quad. The near
polygon In has order (2, 2n − 3). So, every line of In is contained in a unique grid-
quad and 2n−1 − 2W (2)-quads. The near polygon In (n ≥ 2) is reducible if and only
if n = 2.
3.5. Isomorphisms
Above we defined the infinite classes of near polygons QD(2n, 2), H D(2n − 1, 4), Gn ,
Hn and In . For n ≥ 4 all these near polygons are nonisomorphic. (This can be seen by
comparing the orders or by looking at the quads occuring.) For small values of n this is not
always the case.
• Let n = 2. The GQ’s G2 and H D(3, 4) are isomorphic to Q(5, 2) and H2 and
QD(4, 2) are isomorphic to W (2). The generalized quadrangle I2 is isomorphic to
L3 × L3.
• Let n = 3. We have H3 ∼= I3. There are no further isomorphisms.
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3.6. Three sporadic near hexagons
The following irreducible near hexagons E1, E2 and E3 do not belong to any of the
above mentioned classes.
By [11], a near hexagonE1 can be constructed from the extended ternary Golay code C
which is the six-dimensional subspace of F123 generated by the following six vectors:
v¯1 = e¯1 + e¯7 + e¯8 + e¯9 + e¯10 + e¯11,
v¯2 = e¯2 + e¯8 − e¯9 − e¯10 + e¯11 − e¯12,
v¯3 = e¯3 + e¯7 + e¯9 − e¯10 − e¯11 − e¯12,
v¯4 = e¯4 − e¯7 + e¯8 + e¯10 − e¯11 − e¯12,
v¯5 = e¯5 − e¯7 − e¯8 + e¯9 + e¯11 − e¯12,
v¯6 = e¯6 + e¯7 − e¯8 − e¯9 + e¯10 − e¯12.
Here {e¯1, . . . , e¯12} denotes an arbitrary base of the vector space F123 . The points of E1 are
all the cosets v¯ + C , the lines are all the triples of the form {v¯ + C, v¯ + e¯i + C, v¯ − e¯i + C}
and incidence is containment. The near hexagon E1 has order (2, 11). All quads are grids
and none of these quads is big.
By [11], a near hexagon E2 can be constructed from the unique Steiner system
S(5, 8, 24): the points are the blocks of this Steiner system, the lines are the triples of
mutually disjoint blocks and incidence is containment. The near hexagon E2 has order
(2, 14). All quads are isomorphic to W (2), but none of the quads is big.
The near hexagon E3 was first constructed by Aschbacher [1], but we take the
construction from [2]. Consider in PG(6, 3) a nonsingular quadric Q(6, 3) and a
nontangent hyperplane π intersecting Q(6, 3) in a nonsingular elliptic quadric Q−(5, 3).
There is a polarity associated with Q(6, 3) and we call two points orthogonal when one of
them is contained in the polar hyperplane of the other. Let N denote the set of 126 internal
points of Q(6, 3) which are contained in π , i.e. the set of all 126 points in π for which
the polar hyperplane intersects Q(6, 3) in a nonsingular elliptic quadric. The points and
lines of E3 are the 6-tuples and pairs, respectively, of mutual orthogonal points in N , with
inclusion as incidence. The near hexagon E3 has order (2, 14). There are W (2)-quads and
Q(5, 2)-quads, but only the Q(5, 2)-quads are big. Every line of E3 is contained in three
W (2)-quads and two Q(5, 2)-quads.
4. Classification of dense near hexagons with three points on every line
All dense near hexagons with three points on every line were classified in [2].
Lemma 6 ([2]). There are precisely 11 dense near hexagons S with three points on each
line. These near hexagons are given in the following table, where vS denotes the number
of points of S.
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Near hexagon S vS tS + 1 Big quads Other quads
L3 × L3 × L3 27 3 L3 × L3 –
W (2) × L3 45 4 L3 × L3, W (2) –
Q(5, 2) × L3 81 6 L3 × L3, Q(5, 2) –
H3 ∼= I3 105 6 W (2) L3 × L3
QD(6, 2) 135 7 W (2) –
Q(5, 2) ⊗ Q(5, 2) 243 9 Q(5, 2) L3 × L3
G3 405 12 Q(5, 2) L3 × L3, W (2)
E1 729 12 – L3 × L3
E2 759 12 – W (2)
E3 567 15 Q(5, 2) W (2)
H D(5, 4) 891 21 Q(5, 2) –
Here Q(5, 2) ⊗ Q(5, 2) denotes the, up to isomorphism, unique near hexagon which can
be obtained by glueing two GQ’s isomorphic to Q(5, 2). From the above classification, we
immediately have the following corollary.
Corollary 1. If a dense near hexagon with three points on every line contains W (2)-quads
and Q(5, 2)-quads, then no W (2)-quad is big.
5. Two conjectures concerning dense near polygons of order (2, t)
If Z1 and Z2 are two sets of near polygons, then Z1 ⊗ Z2 denotes the (possibly empty)
set of all near polygons obtained by glueing an element of Z1 with one of Z2. Put now
C2 = {Q(5, 2)},
C3 = {H D(5, 4),G3,E1},
Cn = {Gn, H D(2n − 1, 4)} ∪

 ⋃
2≤i≤n−1
Ci ⊗ Cn+1−i

 for every n ≥ 4,
D2 = C2,
Dn = {Gn, H D(2n − 1, 4)} ∪

 ⋃
2≤i≤n−1
Di ⊗ Dn+1−i

 for every n ≥ 3,
C = C2 ∪ C3 ∪ · · ·
D = D2 ∪ D3 ∪ · · · .
Define
M = {O,L3,E2,E3} ∪ C ∪ {QD(2n, 2) | n ≥ 2} ∪ {Hn | n ≥ 3} ∪ {In | n ≥ 4},
N = {O,L3,E3} ∪D ∪ {QD(2n, 2) | n ≥ 2} ∪ {Hn | n ≥ 3} ∪ {In | n ≥ 4}.
LetM×, respectivelyN×, denote the set of all near polygons obtained by taking the direct
product of some (i.e. at least 1) members of M, respectively N . All members of M× are
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dense andN× ⊆ M×. Every known dense near polygon with three points on each line is
isomorphic to one of the elements ofM×. We make the following conjecture.
Conjecture 1. Every dense near polygon with three points on each line is isomorphic to
one of the elements ofM×.
The second conjecture which we will introduce is the equivalent of Conjecture 1
for those near 2n-gons which have a chain F0 ⊂ F1 ⊂ · · · ⊂ Fn of sub near polygons
satisfying:
(I) diam(Fi ) = i for every i ∈ {0, . . . , n},
(II) Fi , i ∈ {0, . . . , n − 1}, is big in Fi+1.
By the following theorem, hexes isomorphic to E1 or E2 cannot occur in such a near
polygon.
Theorem 1. If S is a dense near 2n-gon with three points on each line and containing a
chain F0 ⊂ F1 ⊂ · · · ⊂ Fn of geodetically closed sub near polygons satisfying (I) and (II),
then S does not contain a hex isomorphic to E1 or E2.
Proof. We will use induction on the diameter of S. Clearly, the theorem is true if
diam(S) ≤ 3. Suppose therefore that diam(S) ≥ 4 and let F0 ⊂ F1 ⊂ · · · ⊂ Fn be a
chain of geodetically closed sub near polygons satisfying (I) and (II). Suppose that there
exists a hex H isomorphic to E1 or E2. There are three possibilities:
(a) H ⊆ Fn−1: this case contradicts the induction hypothesis,
(b) H ∩ Fn−1 is a big quad of H : this is impossible since H has no big quads,
(c) H ∩ Fn−1 = ∅: the hex H projects to a sub near hexagon H ′ ∼= H of Fn−1.
By the induction hypothesis, H ′ cannot be geodetically closed. Hence H ′ is properly
contained in the hex H ′′ := C(H ′). This would imply that tH = tH ′′ , vH ≤ vH ′′ and
vH (tH ′′ − tH ) ≤ (vH ′′ − vH )(tH ′′ + 1). By Lemma 6, these inequalities are never
satisfied simultaneously. 
By definition, the set N× consists exactly of those near polygons from M× which do
not have a hex isomorphic to E1 or E2. We will now prove that every element ofN× has a
chain of geodetically closed sub near polygons satisfying (I) and (II).
Lemma 7. If S is an element of D\D2, then every line of S is contained in a big
geodetically closed sub near polygon which is isomorphic to an element of D.
Proof. We will use induction on the diameter of S. By Section 3, the lemma holds if S is
irreducible. So, suppose that S is of the formA1 ⊗A2 withA1 andA2 two elements ofD.
There exist partitions P1 and P2 of S in geodetically closed sub near polygons isomorphic
to A1, respectively A2, such that every element of P1 intersects every element of P2 in a
line. Now, let L be an arbitrary line of S, then L is contained in an element of P1 ∪ P2. For
reasons of symmetry, we may suppose that L is contained in the element F1 of P1. IfA2 is
a generalized quadrangle, then F1 is big in S and we are done. Suppose therefore that A2
is not a generalized quadrangle. Let F2 denote an arbitrary element of P2. If we intersect
Fi , i ∈ {1, 2}, with all elements of P3−i we find a spread Si of Fi . We take F1 ∩ F2 as base
line in S1 and S2 and we choose for θ the trivial permutation of F1 ∩ F2. By Section 2.2,
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we then can construct a geometry F1 ⊗ F2 which is isomorphic to S (see also [6]). By the
induction hypothesis we know that the line F1 ∩ F2 of S2 is contained in a big geodetically
closed sub near polygon F ′ of F2 which is isomorphic to an element of D. By Theorem 5
of [6], every line of the spread S2 which meets F ′ is completely contained in F ′. Hence, the
lines of S2 which are contained in F ′ determine a spread S′ in F ′. Considering those points
of F1 ⊗ F2 whose third coordinate is a line of S′, we see that C(F ′, F1) is a glued near
polygon of the form F1 ⊗ F ′. Since F1, F ′ ∈ D, also C(F1, F ′) ∈ D. Clearly C(F1, F ′) is
big in S and contains the line L. 
Lemma 8. Every near polygon S of N×\{O} has a big geodetically closed sub near
polygon which is isomorphic to an element ofN×.
Proof. By Lemma 7 and Section 3, the result holds for every S ∈ N . Now, if S1 and S2
are two dense near polygons and if F1 is a big geodetically closed sub near polygon of S1,
then the set of all pairs (x, y) with x a point of F1 and y a point of S2 determines a big
geodetically closed sub near polygon of S1 × S2 isomorphic to F1 × S2. This proves that
the lemma holds for every S ∈ N×. 
The following theorem is an immediate corollary of Lemma 8.
Theorem 2. If S ∈ N×, then S has a chain F0 ⊂ F1 ⊂ · · · ⊂ Fn−1 ⊂ Fn of geodetically
closed sub near polygons satisfying (I) and (II).
We are now ready to state our second (weaker) conjecture.
Conjecture 2 (First Version). Every dense near 2n-gon, n ≥ 1, with three points on each
line containing a chain F0 ⊂ F1 ⊂ · · · ⊂ Fn−1 ⊂ Fn of sub near polygons satisfying (I)
and (II) is isomorphic to an element of N×.
By Lemma 6, Conjecture 2 is true if n ≤ 3. By Theorem 2, Conjecture 2 is equivalent
with:
Conjecture 2 (Second Version). Every dense near 2n-gon, n ≥ 0, with three points on
each line containing a big geodetically closed sub near 2(n−1)-gon F which is isomorphic
to an element of N×, is itself isomorphic to an element ofN×.
By the following theorem, which we will prove in Section 6.1, the conjecture is true for
every F ∈ N× as soon as it is true for every F ∈ N .
Theorem 3. Let S be a dense near polygon with three points on each line and containing
a big geodetically closed sub near polygon F isomorphic to the direct product S1 × S2 of
two near polygonsS1 and S2 which are not isomorphic toO. Then there exists an i ∈ {1, 2}
and a dense near polygon S ′i such that the following holds:
• S ′i has a big geodetically closed sub near polygon isomorphic to Si ;
• S ∼= S ′i × S3−i .
The following result was already proved in [8].
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Theorem 4. Let S be a dense near 2n-gon, n ≥ 4, with three points on each line and
containing a big geodetically closed sub near polygon F isomorphic to Hn−1. Then S is
isomorphic to either Hn or Hn−1 × L3.
In the following sections, we will prove the following results.
Theorem 5. Let S be a dense near 2n-gon, n ≥ 3, with three points on each line and
containing a big geodetically closed sub near polygon F isomorphic to QD(2n − 2, 2).
Then S is isomorphic to either QD(2n, 2), QD(2n − 2, 2) × L3 or In.
Theorem 6. Let S be a dense near 2n-gon, n ≥ 5, with three points on each line and
containing a big geodetically closed sub near polygon F isomorphic to In−1. Then S is
isomorphic to In−1 × L3.
Theorem 7. Let S be a dense near octagon with three points on each line and containing
a hex isomorphic to E3, then S ∼= E3 × L3.
From these results and Lemma 6, it is easily seen that our proposed conjecture is
equivalent to the following:
Conjecture 3 (Third Version). Let S be a dense near 2n-gon, n ≥ 4, with three points on
each line and containing a big geodetically closed sub near polygon F which is isomorphic
to an element of D. Then one of the following possibilities occurs:
• S ∼= F × L3,
• S is isomorphic to an element of D.
At this moment important progress has been made towards a proof of Conjecture 2.
One of the reasons why we introduce Conjecture 1 is that after dealing with near polygons
during quite some time it seems to us that the nonexistence of big geodetically closed sub
near polygons puts high constraints on the structure of the near polygon. These constraints
might be so strong that the class of the dense near polygons with an order (2, t) is “not so
far away” from the classN×. This “not so far away” might mean that we also need to take
into account the two near hexagons without a big quad. The reason why we treat E1 and
E2 differently in the definition of M× is that E1 has a spread of symmetry while E2 has
not such a spread; see [6]. Also Gn and H (2n − 1, 4) (n ≥ 2) are known to have spreads
of symmetry.
6. Proofs of Theorems 3 and 5–7
6.1. Proof of Theorem 3
Let x denote an arbitrary point of F . Since F ∼= S1 × S2, there exist geodetically
closed sub near polygons A1 and A2 through x such that (i) A1 ∼= S1, (ii) A2 ∼= S2, (iii)
A1 ∩ A2 = {x} and (iv) every line through x either is contained in A1 or A2. If tS = tF +1,
then S ∼= F × L ∼= S1 × (S2 × L) by Lemma 1. Hence, we may suppose that there exist
two lines K and L through x which are not contained in F . Since F is big in S, C(K , L)
intersects F in a line L ′. For reasons of symmetry, we may suppose that L ′ ⊆ A1. Put now
A3 := C(A1, K ). Then A1 = A3 ∩ F is big in A3, diam(S) = diam(A3) + diam(A2)
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and A3 ∩ A2 = {x}. We will now show that every line M through x not contained in
F is contained in A3. Theorem 3 then follows from Lemma 3. Since C(K , L) ⊆ A3, we
may suppose that M is not contained in C(K , L). The quad C(K , M) then intersects F
in a line M ′ = L ′. If M ′ belongs to A2, then the grid-quad C(L ′, M ′) is big in the hex
C(K , L, M). From Lemma 6 it then follows that C(K , L, M) is the direct product of a
generalized quadrangle and a line. This contradicts, however, the fact that none of the
quads C(K , L) and C(K , M) are a grid. Hence M ′ ⊆ A1 and M ⊂ C(K , M ′) ⊆ A3. This
proves Theorem 3.
6.2. Proof of Theorem 5
We will use induction on n. By Lemma 6 the theorem holds if n is equal to three.
Suppose therefore that n ≥ 4 and that the theorem holds if S is a near 2n′-gon with
n′ ∈ {3, . . . , n − 1}. Every geodetically closed sub near 2δ-gon, δ ∈ {3, . . . , n − 1},
intersecting F , intersects F in a QD(2δ−2, 2) and hence is isomorphic to either QD(2δ, 2),
QD(2δ − 2, 2) × L3 or Iδ . As a consequence no Q(5, 2)-quad meets F . If a line of F is
contained in two grid-quads G1 and G2, then the hex C(G1, G2) intersects F in a W (2)-
quad and hence has a line which is incident with at least two grid-quads and at least one
big W (2)-quad, contradicting Lemma 6. As a consequence there are at most tF + 1 grid-
quads through every point of F . For every line K intersecting F in a point x , let αK denote
the number of grid-quads through K . Since every quad through K meets F in a line, K
is contained in tF + 1 − αK W (2)-quads. Counting the number of lines through x , we
have t = αK + 2(tF + 1 − αK ). Hence αK is independent from the line K and equal to
α := 2tF + 2 − t . Since there are t − tF = tF + 2 − α lines through x not contained in
F , there are precisely α(tF + 2 − α) grid-quads through x . Since this number is at most
tF + 1, we necessarily have α ∈ {0, 1, tF + 1}. If α = tF + 1, then every quad meeting F
but not contained in F is a grid and hence S ∼= QD(2n −2, 2)×L3 by Lemma 1. If α = 0,
then every quad meeting F is isomorphic to W (2). Hence, every geodetically closed sub
near 2δ-gon, δ ∈ {2, . . . , n −1}, intersecting F is isomorphic to QD(2δ, 2). Now, consider
an arbitrary point-quad pair (y, Q) and let F ′ denote an arbitrary geodetically closed sub
near 2(n −1)-gon through Q intersecting F . Since F ′ ∼= QD(2n −2, 2), F ′ is big in S and
hence d(y, z) = d(y, πF ′(y)) + d(πF ′(y), z) for every point z ∈ Q. Since (πF ′(y), Q)
is classical, also (y, Q) is classical. Since every point-quad relation is classical, S itself is
classical. Since S has only W (2)-quads, it is necessarily isomorphic to QD(2n, 2). We
still need to consider the case α = 1. Let Ω(S, F) be the incidence structure whose
points are the lines of S intersecting F in a point, whose lines are the (not necessarily
geodetically closed) subgrids of S intersecting F in a line and whose incidence relation
is the natural one. For every line L of S intersecting F in a point x , let L ′ denote the
unique line of F through x for which C(L, L ′) is a grid. Since tF + 1 = α(tF + 2 − α),
every line of F is also contained in a unique grid-quad and hence there is a bijective
correspondence between the points L of Ω(S, F) and the flags (x, L ′) of F . The lines
of Ω(S, F) then correspond to certain triples of flags. We will now prove that such a triple
is either of the form {(x, K ), (y, K ), (z, K )} with K = {x, y, z} a line of F , or of the
form {(L ∩ K , L), (M ∩ K , M), (N ∩ K , N)} with K , L, M , and N four distinct lines of
F satisfying (i) K = (L ∩ K ) ∪ (M ∩ K ) ∪ (N ∩ K ), (ii) C(L, M, N) ∼= W (2), and
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(iii) L, M and N are not contained in a subgrid of C(L, M, N). Let G be a subgrid of S
intersecting F in a line K , and let A, B and C be the three points of Ω(S, F) incident
with G. If G is a quad, then A′ = B ′ = C ′ = K and we obtain a triple of the first kind.
If G is not a quad, then the hex H := C(K , A, A′) contains a grid-quad C(A, A′) and two
W (2)-quads C(A, K ) and C(A′, K ) through the line K and hence is isomorphic to I3. As a
consequence the unique grid-quads through B and C are contained in H . This implies that
the three lines A′, B ′ and C ′ are contained in the W (2)-quad C(A′, K ). By [7], A′, B ′ and
C ′ are not contained in a grid. (One can also easily verify this property in the near hexagon
H3 which is isomorphic to I3.) Since there are as many lines in Ω(S, F) as there are triples
of the first or second type, we have found a description of Ω(S, F) without any reference
to S. By the main result of [7] the structure of a dense near polygonS ′ of order (2, tS ′) with
a big geodetically closed sub near polygon F ′ is completely determined by the structure of
Ω(S ′, F ′). Therefore S necessarily is isomorphic to In .
6.3. Proof of Theorem 6
Suppose that Q is a Q(5, 2)-quad intersecting F in a line and let Q′ denote a W (2)-
quad of F through Q ∩ F . The hex C(Q, Q′) then contains a Q(5, 2)-quad Q and a big
W (2)-quad Q′, contradicting Corollary 1. Hence, no Q(5, 2)-quad meets F . Suppose now
that R is a W (2)-quad intersecting F in a line L, let x denote an arbitrary point of L and
let L ′ denote the unique line of F through x for which C(L, L ′) is a grid. If R′ is one of
the 2n−2 − 2 W (2)-quads of F through L, then by Lemma 6, the hex C(R, R′) has a line
through x not contained in R ∪ R′. As a consequence tS − tF ≥ 2n−2. Also by Lemma 6,
C(R, L ′) ∼= W (2) × L3 and hence C(R, L ′) has two grids through L ′ which intersect F
in the line L ′. As a consequence, the number of grid-quads intersecting F in L ′ is at least
twice the number of W (2)-quads intersecting F in L. Suppose now that S1 and S2 are
two grid-quads through L different from C(L, L ′). By Lemma 6, the hex C(S1, S2) cannot
intersect F in a big W (2)-quad. Hence C(S1, S2)∩ F = C(L, L ′) and S2 ⊂ C(S1, L ′). As a
consequence, there are at most two grid-quads intersecting F in the line L. By symmetry,
there are also at most two grid-quads intersecting F in the line L ′ and hence there is at
most one W (2)-quad intersecting F in L. Since every line K through x not contained in F
is contained in a quad together with L, we have 1 + 1 + 2 ≥ tS − tF ≥ 2n−2 or n ≤ 4,
contradicting our assumption n ≥ 5. As a consequence every quad intersecting F in a line
is a grid. Theorem 6 now immediately follows from Lemma 1.
6.4. Proof of Theorem 7
Let Q denote an arbitrary quad intersecting F in a line L. Since F ∼= E3, F has a
W (2)-quad R1 and a Q(5, 2)-quad R2 through L. If Q is a Q(5, 2)-quad, then the hex
C(Q, R1) contains a Q(5, 2)-quad Q and a big W (2)-quad R1, contradicting Corollary 1.
If Q is a W (2)-quad, then by Lemma 6, the hex C(Q, R2) is isomorphic to eitherG3 or E3.
In any case, C(Q, R2) contains a Q(5, 2)-quad which intersects F in a line, a contradiction.
Hence Q is a grid. Theorem 7 now follows from Lemma 1.
B. De Bruyn, P. Vandecasteele / European Journal of Combinatorics 24 (2003) 631–647 647
Acknowledgements
The first author is a postdoctoral researcher of the Fund for Scientific Research–
Flanders (Belgium). The second author’s research is supported by the Flemish Institute
for the Promotion of Scientific and Technological Research in Industry (IWT), grant No.
IWT/SB/001022/Vandecasteele.
References
[1] M. Aschbacher, Flag structures on Tits geometries, Geom. Dedicata 14 (1983) 21–32.
[2] A.E. Brouwer, A.M. Cohen, J.I. Hall, H.A. Wilbrink, Near polygons and Fischer spaces, Geom. Dedicata
49 (1994) 349–368.
[3] A.E. Brouwer, H.A. Wilbrink, The structure of near polygons with quads, Geom. Dedicata 14 (1983)
145–176.
[4] P.J. Cameron, Dual polar spaces, Geom. Dedicata 12 (1982) 75–86.
[5] B. De Bruyn, On near hexagons and spreads of generalized quadrangles, J. Alg. Comb. 11 (2000) 211–226.
[6] B. De Bruyn, The glueing of near polygons, Bull. Belg. Math. Soc. Simon Stevin 9 (2003) 621–630.
[7] B. De Bruyn, On the uniqueness of near polygons with three points on every line, European J. Combin. 23
(2002) 523–528.
[8] B. De Bruyn, Near polygons having a big sub near polygon isomorphic to Hn , Ann. Combin. 6 (2003)
285–294.
[9] B. De Bruyn, New near polygons from Hermitian varieties. Bull. Belg. Math. Soc. (in press). Available
from http://cage.rug.ac.be/geometry/preprints.
[10] S.E. Payne, J.A. Thas, Finite Generalized Quadrangles, Research Notes in Mathematics, vol. 110, Pitman,
Boston, 1984.
[11] E.E. Shult, A. Yanushka, Near n-gons and line systems, Geom. Dedicata 9 (1980) 1–72.
[12] J. Tits, Sur la trialite´ et certains groupes qui s’en de´duisent, Inst. Hautes Etudes Sci. Publ. Math. 2 (1959)
14–60.
[13] H. Van Maldeghem, Generalized Polygons, Monographs in Mathematics, vol. 93, Birkha¨user, Berlin,
Basel, Boston, 1998.
